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Let 9 denote the real line and L”(1), the class of all Bore1 measurable Lm- 
functions of W. Let S # {0} or 4, be a linear subspace of La(W) which is (i) 
translation invariant, (ii) weak*-closed, (iii) self-adjoint, i.e., f E S implies 
f~ S, and (iv) an algebra. Then either (a) S = all constant functions in Lm; 
or (b) S = Lm; or (c) there is a unique c > 0 such that S consists of all Lm- 
functions which are periodic of period c. 
Extension of the above characterization of periodic subalgebras of L” to 
LCA groups are presented. Also it is shown that the above characterization is 
in various ways best possible. 
1. PRELIMINARIES AND STATEMENT OF THE PROBLEM 
The characterization which we are about to discuss has its origin in the study 
of the structure of +zvuriant sets in probability (cf. [l, 2, 51). If p is a given 
probability measure on the Bore1 sets of the real line, a set A is called ~-invariant 
if ~(~4 + 6) = p(A) f or all 0. In examples encountered in practice, one finds 
that such sets are generally periodic sets of some period. In this connection a 
problem of some interest is to investigate precise conditions for the periodicity 
of p-invariant sets. 
Let d(p) denote the family of all p-invariant sets. Basu and Ghosh [l] 
established that if J&‘(P) is a separable u-algebra then every p-invariant set is 
periodic. Later in [5] the same conclusion was established without the hypothesis 
of separability in the following manner: Suppose d(p) is a a-algebra. Then 
since every translate of a p-invariant set is also p-invariant, it follows that J&‘(P) 
is a translation-invariant sub-u-algebra of Bore1 sets on the line. Let S denote- 
the family of all Lm-functions which are measurable with respect to d(p). Then 
S is, among other things, a weak *-closed, translation invariant, self-adjoint 
subalgebra of L”. The periodicity of each A E JZ+) was then established by 
showing that such a family S is a subalgebra of the algebra of periodic functions 
of some period. Thus the study of periodicity of p-invariant sets leads one in a 
natural way to attempt to find precise characterizations of “periodic subalgebras”. 
of Lffi. This is what we intend to do here. We first present a characterization of 
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periodic subalgebras of L” on the line and then extend the result to any locally 
compact abelian (L&l) group. Finally we show that our characterization of 
periodic subalgebras of L” is in various way best possible. VC’e turn to the 
characterization on the line first. For reasons of brevity in subsequent sections 
we freely use the general terminology of harmonic analysis from Rudin [6]. 
2. il CHARACTERIZATION OF PERIODIC SUBALGEBRAS OF LX 
Let .4? denote the real line and La(W), the class of all Bore1 measurable L=- 
functions of 9. For an LCY group G, we define L=(G) analogously. We shall 
need the following known lemma in the sequel. (Although this is a special case 
of Lemma 3.1, it is proved here so as to make this section self-contained.) 
LEMMA 2.1. An f EL*(W) has its spectrum in 3 = (0, +I, &2,...) t;rff has 
period 2rr. 
Proof. If suffices to prove the ‘if’ part of the lemma. Let k(t) -c sin’(t/2)/(t/2)‘, 
where c is chosen so that 1 K(t) dt = 1. For each n > 1, letf%(t) = f(t) * (nk(nt)). 
Since R(x) := max((1 - 1 x 1, 0), it follows that for each n, fn(t) has a finite 
spectrum in 3’. Therefore fn(t) is a trigonometric polynomial of period 2~. Since 
lim,,, fn(t) = f (t) a.e., f(t) has period 27~. 1 
THEOREM 2.1. Let S f (0) or 4, be a linear subspace of L”(3) which is 
(i) translation invariant, 
(ii) steak*-closed, 
(iii) self-adjoint, i.e., f E 5’ impliesfE S, and 
(iv) an algebra. 
Then either 
(a) S -= all constant functions in L=; or 
(b) S = L=; or 
(c) there is a unique c > 0 such that S consists of all L”-functions which 
are periodic of period c. (-4n Lx-function f is said to have period c if f and its translate 
fc coincide as elements of L”, the “translate” fc is defined as: fe(y) = f (x - c).) 
Proof. Let /1 denote the weak*-spectrum of S, i.e., the set of h E 9 such 
that the exponential exp(iht) belongs to S. Then (1 is nonempty for otherwise 
S = (0) (cf. [6, p. 185]), and it is easy to check that the continuity of j for each 
g in L’ implies that (1 is closed by virtue of (ii). Also /1 = --(1 because of (iii) 
and /l + /I C 11 because of (iv). Thus (1 is a closed subgroup of W and so either 
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(a) A = {0}, or 
(18) A = 9, or 
(v) A = Ba for some positive a. 
In the first case (oL), every nonnull function in S has one-point spectrum. So 
by “one-point spectral synthesis,” S consists only of constants. 
In the second case (/3), S contains the weak*-span of {exp(itx): -00 < t < cc} 
which is all of L”(R). 
In the third case Lemma 2.1 shows that S consists of all La-functions of 
period 2rrla. 1 
3. EXTENSION TO AN LCA GROUP 
Theorem 2.1 of the preceding section has an immediate extension to an 
LCA group. To obtain this we need the following lemma: 
LEMMA 3.1. Let G be a given LCA group. Let P be the dual group of G and A 
a closed subgroup of P. Let x and y, respectively, denote geueric elements in G and P. 
Then an f EL”(G) has its spectrum in A $7 f is invariant under H (i.e., f and its 
translatefh coincide a.e. for each h E H), where H = {x: (x, y) = 1 for each y E A} 
is the annihilator subgroup of A. 
Proof. (a) If f is invariant under H, so is each linear combination of translates 
off, hence so is each spectral character (x, y) belonging to f. This immediately 
implies that y lies in the annihilator subgroup of H, but this is A (cf. [6, Lemma 
2.1.31). 
(b) If we assume f has its spectrum in A, since closed subgroups are sets 
of spectral synthesis, then f belongs to the weak*-closed span of the characters 
(., r), y E A. But each of these characters is H-invariant, hence so is f. m 
Using this lemma, we obtain at once the following theorem, in just the same 
manner as Theorem 2.1: 
THEOREM 3.1. Let G be an LCA group. Let S # (0) or 4, be a linear space of 
L”(G) with the follow&g properties: 
(i) translation invariant, 
(ii) weak*-closed, 
(iii) self-aa’joint, and 
(iv) an algebra. 
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Then either 
(a) S = all constant functions in La(G); OY 
(b) 5’ = L=(G); OY 
(c) there is a unique nontrivial proper closed subgroup H C G such that S 
consists of all Lx-functions which are inp.rariant under H. 
4. CONCLUDING RE~LARKS 
In conclusion it is rather natural to ask if all the conditions in Theorems 2.1 
and 3.1 are really necessary. That this is indeed so can be seen from the following 
illustrative examples: 
EXAIQ~PLE 1. Let S = (felt; spectrum (f) f~ (- 1, 1) =-m 4). Then 5 
satisfies (i), (ii), (iii) but not (iv). The set S contains functions that are not 
periodic. 
EXA&%PLE 2. Let S = Hm(W) = {f: spectrum (f) C [0, a)). Then S 
satisfies (i), (ii), (iv) but not (iii). The set S evidently contains nonperiodic 
functions. 
EXAMPLE 3. Let S = (all bounded continuous functions on 9:. Although 5’ 
is norm-closed, it is not weak*-closed. Clearly S contains nonperiodic functions. 
EXAMPLE 4. Let S = {all bounded symmetric functions on the line, i.e., 
all MEL” with f(x) = f(-x) a.e.}. Then S d oes not satisfy (i); it contains 
nonperiodic functions. 
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